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Abstract 



We discuss the dynamics in finite density medium including a heavy impurity particle (hadron or 
quark) with a heavy flavor, charm and bottom, at zero temperature. As a system, we consider a D 
(B) meson embedded in nuclear matter as a heavy impurity boson with SU(2) isospin symmetry. 
As another system, we also consider a charm (bottom) quark embedded in quark matter as a heavy 
impurity fermion with SU(3) color symmetry. We suppose a vector current interaction with SU(n) 
symmetry (n > 2) for the fermion composing the Fermi surface and the embedded heavy impurity 
particle, and calculate the scattering amplitude perturbatively for the small coupling constant up 
to one-loop level. We obtain that the scattering amplitude has a logarithmic enhancement in the 
large mass limit of the heavy impurity particle, and show that the perturbative calculation breaks 
down for any small coupling constant in this limit. 



PACS numbers: 12.39.Hg, 14.40.Lb, 14.40.Nd, 21.65.Jk, 21.65. Qr 




1 



I. INTRODUCTION 



In the present hadron and quark physics, heavy quarks are interesting subjects for un- 
derstanding the properties of QCD. In recent literature, there have been many discussions 
about charmed and bottom nuclei with bound charm and bottom hadrons. For example, 
charmed nuclei may have Ac baryon [IHS], Sc baryon [3j, D meson |1H6], D meson [71-I2T] 
for open charm and J/ ip [22] - [26] for hidden charm, inside normal nuclei. Bottom nuclei may 
have Ab baryon [H [2] , Sb baryon, B meson, B meson [TOl [21] for open bottom and T for 
hidden bottom. Some of them were motivated by the possible attractive force between a 
charm (bottom) hadron and a nucleon which was found in studies of hadronic molecules as 
exotic hadrons [271433] (see also [3H - I37] ). The results of those studies suggest that a charm 
(bottom) hadron can be bound in nuclear matter. Such systems are interesting, because they 
will help us to study, not only (i) the interaction between the heavy hadron and nucleon, 
but also (ii) the change of the properties of the heavy hadron in nuclear medium and (iii) 
the change of nuclear medium (including the partial restoration of the dynamical breaking 
of chiral symmetry) caused by the heavy hadron as an impurity. The exotic nuclear systems 
with heavy flavors can be studied experimentally in J-PARC, GSI-FAIR and so on. The 
study of heavy quarks in quark matter is also interesting, when the state at high density 
and low temperature can be produced in heavy ion collisions. Actually it is expected that 
there are rich structures like color superconductivity in quark matter [351 13U] . 

In the systems with a single heavy meson or quark, the heavy mass limit is very useful 
for analysis of their properties in vacuum [^0] - H5] . In the present article, let us study the 
dynamics of the heavy meson or quark with a single heavy flavor, which is embedded in 
finite density medium at zero temperature, and investigate the behavior in the large limit of 
their masses in the medium. As systems, we consider a D (B) meson embedded in nuclear 
matter and a charm (bottom) quark embedded in quark matter. Although the former and 
latter systems are quite different, both of them exhibit a similar behavior in the large mass 
limit as discussed below. We note that, in our systems, the fermions composing the Fermi 
surface (nucleons in nuclear matter or light quarks in quark matter) and the heavy impurity 
particle {D (B) meson or charm (bottom) quark) belong to the fundamental representation 
of SU(n) symmetry with an integer n > 2. In fact, a D (B) meson as well as nucleons 
are doublet states in SU(2) isospin symmetry, and a charm (bottom) quark as well as light 
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quarks are triplet states in SU(3) color symmetry. In the present discussion, we suppose 
that SU(n) symmetry is a global symmetry, not only for isospin symmetry, but also for color 
symmetry. For generality of the formulation, we consider that the fermions and the heavy 
impurity particle belong to the fundamental representation of SU(n) symmetry (isospin for 
n = 2 and color for = 3). We furthermore suppose a vector current interaction between 
the fermion and the heavy impurity particle with a small coupling constant so that we can 
apply the perturbative calculation. Such a simple interaction can be used as far as the low 
energy region near the Fermi surface is concerned. With this setup, we discuss the scattering 
of the fermions (nucleons or light quarks) and the heavy impurity particle [D [B) meson or 
charm (bottom) quark). 

In condensed matter physics, such a situation has been known as "Kondo problem." 
There, spin-half electrons in conduction band are coupled to an impurity atom with a non- 
zero (pseudo)spin through the "(pseudo) spin-spin" interaction. In 1964, Kondo found that 
the interaction between the conduction electrons and the impurity atom causes a logarithmic 
enhancement by the temperature in the system or the energy of the scattering fermions when 
the one-loop scattering amplitude is considered [16]. The problem was analyzed in detail 
in the scaling method, and was further developed by the numerical renormalization group 
analysis and so on ^7\. Throughout those studies, it was recognized that, even though the 
coupling constant is small, the quantum fluctuation from creations of particles and holes 
near the Fermi surface enhances the scattering amplitude with higher order loops, and the 
perturbation breaks down in the limit of low temperature or small scattering energy. 

An important comment is in order. In the original work by Kondo, it was assumed tacitly 
that the impurity atom has an infinitely heavy mass. This assumption will be acceptable 
for electron-atom systems, because of the small mass ratio between electron and atom. 
However, it is not necessarily the case that such an assumption can also be applied to D 
[B) meson in nuclear medium and charm (bottom) quark in quark matter. It is rather a 
nontrivial problem how the large mass of the impurity particle plays a role in the medium. 
The present study is mainly devoted to this problem. Actually, this is an important problem 
in the hadron physics in order to understand how the properties of heavy mesons, such as D 
and D [B and B) mesons, in nuclear matter are different from those of light mesons, such 
as K and K mesons, in nuclear matter [IHl HH]- In the former the heavy mass limit can be 
applied, while in the latter it cannot. It will be also important to study the difference of 
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charm (bottom) quark and strange quark in quark matter. As a matter of fact, this paper 
covers the result given by Kondo. 

The paper is organized as followings. In section [IT], we discuss the heavy impurity boson 
embedded in the Fermi gas (e.g. a D (B) meson in nuclear matter), and derive the scattering 
amplitude for the heavy impurity boson and the fermion composing the Fermi surface. In 
section III, we discuss the heavy impurity fermion embedded in the Fermi gas (e.g. a charm 



(bottom) quark in quark matter). In both two cases, we suppose a vector current interaction 
with a small coupling constant between the fermion and the heavy impurity particle, and 
analyze the scattering amplitude for each heavy impurity particle up to one-loop level. Then 
we show that the scattering amplitudes have a logarithmic enhancement in the heavy mass 



limit, and the perturbation breaks down for any small coupling constant. In section IV 



we discuss the related topics, and in the final section we summarize the discussion and give 
perspectives. 



II. HEAVY IMPURITY BOSON 

We consider a D (B) meson embedded in nuclear matter. As a model for the interaction 
with SU(2) isospin symmetry between a D (B) meson and a nucleon, we consider the vector 
current interaction with an isospin factor of Af ■ Ab (see below) and a small coupling constant, 
and analyze the scattering amplitude up to one-loop level. To see how the internal degrees of 
freedom works in the scattering amplitude, we generally extend SU(2) symmetry to SU(n) 
symmetry with an arbitrary integer n > 2. 



A. Interaction with SU(n) symmetry 

We consider the interaction Lagrangian given by the vector current interaction with SU(n) 
symmetry for the fermion and the heavy impurity boson 

Cbm = E (^7mA^'^) (-^9^$ + ^tAfjzS'^^) , (1) 

^ i=i 

where the fermion field ip = (^/^i, ■ ■ ■ , V'n)* and the heavy impurity boson field $ = 
($1, ■■■,$„)* belong to the fundamental representation of SU(ra) symmetry. The nx n 
matrices Af/2 and Ag/2 (j = 1, ■ ■ ■, — 1) are the generators of SU(n) symmetry for the 
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fermion and the heavy impurity boson, respectively. The couphng constant Gb is assumed 
to be a small number for which the perturbation can be applied. We suppose that the 
initial state of the heavy impurity boson has a four-dimensional momentum P'^ and the 
final state of the heavy impurity boson has P''^, and rewrite the interaction Lagrangian in 
momentum space. Considering that the mass Mb of the heavy impurity boson is very large, 
we decompose P'^ and P'^ as 

Pf" = MBV^' + k'', (2) 
P'" = MBV^ + k'^", (3) 

where is a four-dimensional velocity with an on-mass-shell condition v"^ = 1, and k 
and k' are off-mass-shell (residual) momenta. When we ignore the terms with the residual 
momentum, which are suppressed by the order of 1/Mb from ones with f^, the above 
Lagrangian is rewritten as 

CB,int = -GbMb J2 (V^7mA^'^) {^^V^Xl,^ + 0{k/MB, k'/MB)) . (4) 
i=i 

To drop the terms at 0{k/MB,k' /Mb) will be justified, because the large mass limit for 
the heavy impurity boson is adopted in the discussion. We assume that the heavy impurity 
boson is at rest in the medium and set = (1,0). 

B. Scattering amplitude 

Based on the above interaction Lagrangian, we consider the scattering amplitude for the 
fermion and the heavy impurity boson up to one-loop level as shown in Figs. [T] and |2} We 
introduce the initial (final) three-dimensional momentum q {q') of the fermion which is very 
close to the Fermi surface, and the initial (final) momentum P (P') of the heavy impurity 
boson with P = at rest in the medium. Then, it will be induced that the initial and final 
momenta of the scattering fermion are same (g' ~ g) and the recoil of the heavy impurity 
boson is negligible (P' ^ 0). Indeed, from the momentum conservation q + P = q' + P' 
and the energy conservation g ^/2m + P^/2MB = g'^/2m + P'^/2Mb for the nonrelativistic 
fermion, we obtain the desired relation under the conditions ~ /cp, P = and \q'\ > kp, 
where the last condition is given by the Pauli blocking effect inside the Fermi sphere with 
Fermi momentum kp. It is also the case for the relativistic fermion. Hence, we use q' = q 
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and P = P' = throughout the present discussion. The components in the fundamental 
representation of SU(n) for the fermion and the heavy impurity boson are denoted by a and 
b {a' and b') for the initial (final) states, respectively. 

To begin with, the first order contribution (the Born term) in the scattering amplitude 
in Fig. [T] is obtained as 

- iM'j^^ = -iG^Mji Uy^a4Uq,a (Af )a'a " (Ar)?,'?,, (5) 

with the four-dimensional velocity = (1,0) for the heavy impurity boson and the four 
component spinor Ug (ug) for the initial (final) fermion with momentum q = {qo,^)- We 
note again that the absolute value of the three-dimensional momentum q should be close to 
the Fermi momentum; \q\ ~ kp. Concerning the coupling in the interaction, we neglect the 
higher order terms in expansion by power of 1/M-q. Apparently, the first order scattering 
amplitude has no singular behavior in the large mass limit of Mb. 

Next, we consider the second order contribution which contains the fermion propagator 
in the loop. In the fermion propagator in finite density medium at zero temperature, we use 
the in-medium fermion propagator. 



+ m) 



p2 _ _|_ 



2n6{p'-my{po)9{kF~\p\) 



Inxn; (6) 



with the fermion mass m, the four-dimensional momentum p^^ = {po,p), and the Fermi 
momentum kp [50|. Here e is an infinitely small positive number and Inxn is an x n 
unit matrix corresponding to SU(ri) symmetry. The second term with the delta function 
and the step functions indicates the Pauli blocking effect for the fermions in the Fermi 
sphere. Because the fermions with positive energy are occupied up to the Fermi surface in 
the momentum space, the on-mass-shell fermions in the Fermi sphere cannot propagate. 

By using the in- medium fermion propagator Eq. ([6]), let us consider the second order 
scattering amplitude in Fig. [2j Before going to the precise calculation, it will be worth- 
while to see naively how the scattering amplitude would behave in large Mb. Because the 
strength of the interaction vertex is proportional to GbM^ in Eq. (|4]), the first order scat- 
tering amplitude is also proportional to GbMb as obtained above. Concerning the second 
order contribution, we pay an attention to that the heavy impurity boson propagator is pro- 
portional to I/MbIu large Mb, because {P"^ - M^y^ = {{Mbv + k)^ - M^y^ ~ {2MBV-ky'^ 
from Eq. ([2]), as far as the heavy impurity boson is close to the on- mass-shell state. 



p P' 



FIG. 1: The diagram of the first order scattering ampHtude (the Borne term) of the fermion V'a(a') 
(a, a' = 1, • • • ,n) (single line) composing the Fermi surface and the heavy impurity boson ^b{b') 
(b,b' = 1, • • • , n) (double line) embedded in the Fermi gas is shown, q (q') is the initial (final) four- 
dimensional momentum of the fermion, and P (P') is the initial (final) four- dimensional momentum 
of the boson. 

Hence we might observe that the second order scattering amplitude will be proportional 
to (GbMb)^ (vertex) x Mg ^(propagator) = GgMe, when the momentum cutoff in the loop 
is fixed. Then, because the power of Mb is the same in the first and second order scattering 
amplitudes, it seems for any large value of Mb that the perturbation is applicable for the 
small number of Gb- However, we will present that this naive analysis does not hold for the 
interaction Eq. ([T]) in finite density medium at zero temperature. 

The precise form of the second order scattering amplitude is given as 

- ^M^i^ = -^M^i\Fig. ga)) - ^M^^\Fig. gb)), (7) 

where each contribution is 

-zMg)(Fig.|2|(a)) = (-^G'BMB)'|4(^l-^) W6'6+(-^)(Af)a..-(AB)6',>} 



J^2 _ ^2 _|_ ^g- 



27rS{k' - m')eiko)e{kF - \k\) 



« / 



in Fig. [2] (a), and 

- zM'i\Fig. gb)) = (-^GbMb)' |4 (^1 - ^) 6a'aSb'b + 2 (^n - ^) {\i)a'a-i\B)b'b] 



^ -2TT6{k'^ -m^)e{ko)e{kF-\k\) 



^2 _ j^2 _|_ 



iUq,a, (9) 



(P - g + A;)2 - Ml + le 




FIG. 2: The diagrams of the second order scattering amphtude of the fermion and the heavy 
impurity boson are shown, k is the internal moment in the loop. The other notations are common 
to that in Fig. [Tj 



in Fig. [2j (b). k is the internal momentum in the loop. To obtain the above equations, we 
use the identities 

n 'nP — l 



a",b"=l i,j=l 



'b"b 



4(l-i)w..+ (-i)"g(Ai)„jA-e)^,^, (10) 



and 



n n — 1 



E E ("^Oa'a" i.'^^\'b" ('^Oa"a 
a",b"=l i,j=l 

''w.. + 2(n-^) E (aO^Ja^^,^, (11) 



41- 



in Eqs. ([8| and (|9|), respectively. It is important in the following discussion that the sign of 



the coefficient — 4/n in the factor {Xf)a'a- {^B)b'b in Eq. (10) are opposite to that of 2{n — 2/n 



in the corresponding factor in Eq. (11). After integrating by k^ in the integrals, then, we 



obtain the result for the finite density part 



-lM'i> = {-lG^M^fA[l--]5a'a5b'b 



1 



d^A; 1 



efc7o - k-^ + m 



\k\>kp (27r)3 2efe (Pq + go - efc)^ - + ie 

d^k 1 ek'jo — k-^ + m 



\k\<kp (27r)3 2efc (Po - go + efc)^ - ^|>_g+fc + i5 

(-zGBMB)'(Af)a,,-(AB)fe'fe 

d^k 1 



q,a' 



efc7o - k-^ + m 



\k\>kp (27r)3 2efc (Pq + go - efc)^ - Pp+g_fc + 



^ ^i|g|<fcp (27r)3 2efc(Po-go + efe)2-^|>-g+fc + ^£ 



S,a,(12) 



where we define Pq = Ep and go = with = yP^ + Mg for the energy of the heavy 
impurity boson and = y/q"^ + rn^ for the energy of the scattering fermion. We leave 
only the contribution from finite density, because we are interested in the low energy region 



around the Fermi surface. In Eq. (12), the former integral with \k\ > k-p (the latter one with 
\k\ < kp) in each squared bracket is the contribution from the particles (holes) in the loop 
shown in Fig. |2] (a) ((b)). For convergence of the momentum integrals, we introduce the 
momentum cutoffs Ahigh for \k\ > kp and Aiow for \k\ < k-p. Finally, the scattering amplitude 
up to one-loop level is given by 



iMi 



(13) 



From now on, our effort is devoted to analyze the behavior of the second order amplitude 
in the large mass limit of the heavy impurity boson. 



C. Large mass limit of heavy impurity boson 

We consider the large mass limit for the heavy impurity boson (Mb — )■ oo). We expand 
Ep by 1/Mb as Ep ~ Mb + P^/2Mb and consider only the leading term by neglecting 
the higher order contributions. In the following, for the sake of the simple presentation, 
we introduce new dimensionless variables rj and A, which are defined by \q \ = kp{l + 77) 
for the three-dimensional momentum q of the scattering fermion, and Ahigh = kp{l + A) 
and Alow = kp{l — A) for the cutoff parameters Ahigh and Aiow We note that r/ > is a 
nonnegative small number because the initial state of the scattering fermion is supposed to 
lie on or outside of the Fermi sphere. We also note that the cutoff parameter A is fixed as 
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a finite number ( < A < 1). Because the result of tlie integrals in Eq. (12) is lengthy, 
we simplify the analysis by considering the two limiting cases for the scattering fermions; 
nonrelativistic fermions and relativistic fermions. Although the nonrelativistic fermions are 
much realistic in nuclear matter, the relativistic fermions will be found to be useful for our 
analysis. 



1. Nonrelativistic fermions 



We consider the nonrelativistic fermions. We assume that the mass of the scattering 
fermion is larger than the momentum (~ fcp), and expand as — m + k"^ /2m. Concerning 
the heavy impurity boson, we keep the mass of the heavy impurity boson still much heavier 
than the mass of the scattering fermion, and consider m/M^ as a small number; m/M-Q <^ 1. 

To begin the discussion, we assume that the initial state of the scattering fermion is in 
the ground state and its momentum lies on the Fermi surface; Ig*! = kp [f] = Q). Then, 
we take the limit Mb oo {m/M-Q — t- with keeping m to be a constant), and obtain the 
leading contribution (see also Appendix IaI) 



lim lim [—iA4. 



(2)\ 



iB ) 

Mb— >-oo rj— >0 V / nonrel 

1 2mkp 



(14) 



-4 1 



2Mb 47r2 v n 

+ (-^GbMb)' (Af)„.„ ■ {\B)b'b 
1 2'mkp 



4A + log 1 + 



A 



log 1 



q,a' 



-u. 



q,a 



2Mb 47r2 
m 



-4 n 



A + 2nlogA + (^-^ ) log ( 1 



2(n ) log ( 1 



-2nlog — + 2n(l-log2) 



1 + 



u. 



q,a' 



-u. 



q,a- 



'2m{Xi 0)* with two-component 



The spinor for nonrelativistic fermion is defined as Uq i 
spinor x- 

In the above result, we find the logarithmic behavior of log Mb. To see the importance 
of this term, let us compare the first order scattering amplitude Eq. ([s]) with the second 



order scattering amplitude Eq. (14). We notice that the first order scattering amplitude 



contains the factor Gb^b, while the second order scattering amplitude contains not only 
G^Mb but also G|MBlogMB. When we consider the heavy mass limit (Mb — )■ oo), due 
to the presence of log Mb, the second order scattering amplitude overcomes the first order 
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one. Therefore, the perturbative calculation is not applicable for any small coupling between 
the fermion and heavy impurity boson in the heavy mass limit, and the system becomes a 
strongly interacting one. The critical mass of Mb which gives the second order scattering 
amplitude comparable with the first order one is obtained as 

■ 1 47r2 ^ 



cr,nonrel 



"^^"H^^j' ^^^^ 

when Eq. ^ and the term proportional to log m/Me in Eq. (14) are compared. For Mb ^ 



j^cr,nonrei^ the sccoud ordcr scattering amplitude is larger than the first order one, and the 
perturbation breaks down. We here note that the value of m^'"^""^"^^^ should not be considered 
seriously because it just gives an order of the critical mass. 

In our discussion, the factor Af -Ab in the interaction Eq. ([l]) plays a significantly important 
role. Indeed the opposite sign in the coefficients, —A/n and 2(2 — 2/?t,), in the terms with 



(Af )a'a' (Ab )b'h in Eq- (12) induces the factor log Mb. On the other hand, in the terms with 



^a'a^b'b Eq- (12), wc coufirm that no logarithmic term exists. We comment that the Fermi 



surface is also important, because we find no logarithmic term in the vacuum part in Eqs. ([8j) 
and 

We should emphasize that the logarithmic behavior of log Mb in the scattering amplitude 
appears only in the limit of large Mb. Otherwise, there is no such singularity. To see this, 
let us consider the case that the mass of the heavy impurity boson is not so large. Supposing 
that the heavy impurity boson mass happens to be equal to the fermion mass, Mb = m, we 



analyze the loop integrals in Eq. ( 12 ) and obtain 



lim lim 



nonrel 



(16) 



-iGbMb) 5 a' a^^ 



b'b 



1 A;fA 



2Mb 47r2 

XUg^a' — 



4 1 



A\l, 2 + A 

— - log — . — 
2/ 2 ^ A 



— ^ - log — - 
2/ 2 ^ A 



A 



q,a 



+ (-zGbMb)' (Af),., ■ i\B)b'b 



xu, 



1 kpA 
2Mb 4^ 
1 + 



n 



loe 



2 + A 
A 



+2 n-- 2 1 



n 



A 



q,a' 



-u. 



q,a^ 



for the fermion on the Fermi surface. We confirm that there is no logarithmic term for 
Mb = m. Thus, for presence of log Mb, it is important that Mb is much larger than other 
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scales in the system. 

As a brief summary in the analysis for the nonrelativistic fermions, starting from the 
interaction in Eq. ([T]), we have shown that the perturbation breaks down for any small 
coupling constant in the limit of large Mb. It should be noticed that, when the interaction 
does not contain derivatives for the heavy impurity boson field, like a scalar interaction, 
the above conclusion does not hold. This is because in the scalar interaction the first 
order scattering amplitude is proportional Gb, and the second order one contains G^/M-q 
or (G|/Mb) log Mb (the same convention of the coupling constant Gb is used in the scalar 
interaction). Hence, the second order contribution can become smaller than the first order 
one in the limit of large Mb, and the perturbation can be applied for the small coupling 
constant Gb- 



2. Relativistic fermions 

Let us move to the discussion for the relativistic fermions. For simplicity, we consider the 
massless fermions. We will see that the similar conclusion holds in the large mass limit of 
the heavy impurity boson. We note that, in this case, the expansion parameter cannot be 
given by the ratio of the fermion mass and the heavy impurity boson mass, m/M-B, because 
the fermions now are massless. Instead, we use the ratio of the Fermi momentum and the 
heavy impurity boson mass, kp/Ms, for expansion parameter for large Mb with finite k-p. 

The first order contribution of the scattering amplitude is given by Eq. ([s]), provided that 
the nonrelativistic spinor is replaced to the relativistic spinor Uq = -^/^(x, (^-QxY with the 
two component spinor x, the energy Eg = \q\ and the unit vector q = q/\q \ in q direction. 

For the second order contribution, for the scattering fermion on the Fermi surface; |^| = 
kp ijl = 0), we take the hmit Mb — )■ oo (/cf/Mb — )• 0) in the second order scattering 
amplitude, and obtain the result 

lim \im(-iM^r^'^) (17) 

Mb^oo r)-s>0 V ^ / rel ^ ' 



-^GbMb) Sa'aSb'biwVTJ^'^ 1 - ^ Uq,a''^{-AA)^yUq,a 



+ (-^GbMb)' (Af)„.„ ■ (Ab)6'6 

. 1 kl _ 
'''2Mb in''''''''' 
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-4 ( n - + nA^ - 2nlog— + 2nlogA + 2n(l - log2) !■ 7° - ng ■ 7 
nj Mb I 



with the relativistic spinor Uq. As in the case of the nonrelativistic fermions, we find again 
that the factor log M-q exists. The second order scattering amphtude contains G'^M-q log Mb 
for large Mb, while the first order one contains G-qM-q. Therefore, the second order scattering 
amplitude can be larger than the first order one in the limit of large Mb and the perturbation 
is not applicable for any small coupling constant Gb in this limit. The critical mass of Mb 
for which the perturbation cannot be applied is given by 

We keep in mind that this number should be not be considered seriously as mentioned below 
Eq. (fT5|. 



III. HEAVY IMPURITY FERMION 



We consider a charm (bottom) quark in quark matter where up, down and strangeness 
quarks compose the Fermi surface. Although the quark matter is much different from the 
nuclear matter, we will find again that the scattering amplitude in large limit of the heavy 
quark mass has a behavior similar to that obtained in the previous section. As an interaction 
between the charm (bottom) quark and the light quark, we suppose the vector current 
interaction with a color factor of Af ■ Ap (see below) with SU(3) color symmetry. Assuming a 
small coupling constant, we analyze the scattering amplitude up to one-loop level. As in the 
previous section, we extend SU(3) symmetry to SU(n) symmetry with an arbitrary integer 
n>2. We use the common notations as in the previous section, except for the the coupling 
constant and the mass of the heavy impurity fermion. 



A. Interaction with SU(n) symmetry 

We consider the interaction Lagrangian for the fermion composing the Fermi surface and 
the heavy impurity fermion 

n^ — l 

^F,int = E {i'i,Ki^){^i'>^m (19) 

where the fermion field if) = [ipi ■ ■ ■ , ipnY and the heavy impurity fermion field = 
(^^1, ■ ■ ■ , \E'„)* belong to the fundamental representation of SU(n) symmetry. The n x n 
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matrices and Ap (j = 1, ■ ■ ■ , — 1) are the generators of SU(?2) group. In this section, 
we use Gf/2 as the couphng constant. For the heavy impurity fermion, it is convenient to 
separate the momentum of the heavy impurity fermion as P = Mpv + k with the heavy 
impurity fermion mass Mp, the four-dimensional velocity v with a condition f ^ = 1, and the 
residual momentum k. This convention will be used later. 



B. Scattering amplitude 

Let us consider the scattering amplitude of the heavy impurity fermion and the fermion 
composing the Fermi surface. The diagrams are the same as in Figs. [T]and[2| provided that 
the heavy impurity boson should be read as the heavy impurity fermion. 

The first oder scattering amplitude (the Born term) is given as 

G -> -> 

- iM'i^ = -i^Ug^a'lti{^{)a'aUq,aUp,b'l^{>^F)b'bUp,b, (20) 

where Ug {uq) is the spinor wave function for the initial (final) fermion with four-dimensional 
momentum g, and Up (up) is the spinor wave function for the initial (final) heavy impurity 
fermion with four- dimensional momentum P. As discussed in the previous section, it is 
reasonable to suppose that the initial and final states have the same momentum. 
The second oder scattering amplitude at one-loop level is given as 

- = -zM^iFig. ga)) - zM'^\Fig. §h)), (21) 

with 

= (-^^) {4 (1 - ^) Sa'aSb'b + (Af)a'a-(AF)b'b 



dU 



^ - -'-2 _2 



J^2 _ ^2 _[_ ^ 



e 



2n6{k' - m')9{ko)9{kF - \k\) 



in Fig. [2] (a), and 



-^A^^^^(Fig.§b)) 
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+ m) 



^2 _ ^2 _j_ 



(p + q- ky 



Ml 



le 



2n5{k'^ -m'^)e{ko)e{kF - \k\) 



(23) 



in Fig. [2j (b). In deriving the above equations, we use the identities in Eqs. (10) and (11). 
Because the heavy impurity fermion is sufficiently massive, the matrices 7^* at vertices acting 
for the field \E' is replaced to v^. Performing the integrals for ko, we obtain the result for the 
finite density part 



4 1 



(24) 



d^k 1 



|fe|>fcp (27r)3 2ek (Pq + go - Cfe)' - Ej,^g-k + 

d^k 1 1 
|fc|<fcp (27r)3 2ek {Pq - Qo + efe)^ - El_g^^ + ie 



le 



XUpb' 



1 + 



X2Mpi 



4 



d^fc 1 



-2 n 



n/ J\k\>kF (27r)3 2efe (Pq + - Cfc) 
2\ /• d^fc 1 1 



E 



P+q-k 



q,a 



nj J\k\<kp (27r)3 2efc (Pq - go + Cfc)^ - ^p-g+fc + 



q,a' 



XUph' 



1 + 



where the terms suppressed in the limit of large Mp are dropped. Here we define Ep 



P^ + Mp as the energy of the heavy impurity fermion. We use the condition that the 
initial and final heavy impurity fermion is the on-mass-shell state which is resting in the 
medium; P = Mpv with = (1,0). Then, the scattering amplitude up to one-loop level is 



given by Eq. (13) with changing the subscript from B to F. 



As for the heavy fermion close to the on-mass-shell state, we know that the propagator 
is given as {If — Mp)"^ ^ (|^ + l)(2f ■ k)~^ from the decomposition of the momentum 
P = Mpv + k. Then, we may expect that the second order scattering amplitude could be 
proportional to G|(vertex) x Mp (propagator) = Gp when the momentum cutoff in the loop 
is fixed, while the first order one is proportional to Gp. Hence, it seems that the perturbation 
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might be applicable for the small coupling constant Gp. However, as in the previous section, 
we will find that there exists a logarithmic factor in the second order scattering amplitude 
and that the perturbation for any small coupling constant Gp is not applicable in the heavy 
mass limit Mp — )■ oo. 



C. Large mass limit of heavy impurity fermion 

We consider the large mass limit for the heavy impurity fermion (Mp — > oo). To analyze 
the second order scattering amplitude, we consider the two cases for the fermions composing 
the Fermi surface; nonrelativistic and relativistic fermions. Although the relativistic fermions 
are much likely in quark matter, the nonrelativistic fermions will be found to be useful. 



1. Nonrelativistic fermions 

We consider that the fermion mass m is sufiiciently large than the Fermi momentum kp, 
and use Uq ~ y/2m{x, 0)* as nonrelativistic spinor. We suppose that the fermion lies on the 
Fermi surface (|^| = kp; rj — 0). We note that the condition m/Mp <^ 1 is still kept. By 
considering the large mass limit of the heavy impurity fermion, we obtain the result 



lim lim (—iMn^^ 

2mkp , ( 1 

><*^r^4 1 

i + i) 

xup^b'—^ — up,b 



nonrel 



-4A + log(l + ^) -log(^l-^ 



1+^ 



+ 



471^ 



(25) 



-4(n-^^A + 2nlog A + (^-^^ log (^1 + - 2 (^n - ^ ) log ( 1 - 



m 



-2nlog— +2n(l-log2) 

IVIp 



1 + 



f^q,a' 2 



q,a 



-Uph- 



We find the logarithmic factor logMp in the term proportional to {X{)a'a ■ (Af)6'6- The first 
oder scattering amplitude is proportional to Gp, while the second oder scattering amplitude 
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contains GplogMp in the limit of large Mp. It means that, due to the presence of logMp, 
the second oder scattering amplitude becomes larger than the first order one in the limit of 
large Mp. Therefore, the perturbation for any small coupling Gp fails in the system in this 



limit. The critical mass of Mp is given in Eq. (15) with a replacement from Gb to Gp and 
from Mb to Mp. 

The result of the heavy impurity fermion is analogous to that of the heavy impurity 
boson. As discussed in the previous section, the reason why the singularity from the heavy 
mass arises is given by two reasons. First, the existence of the factor Af ■ Af in the interaction 



Lagrangian Eq. (19) is important. Indeed, we see that there is no logarithmic behavior in 



the term with da'a^b't in Eq- (25). Second, the large mass of the heavy impurity fermion is 



also important. Indeed, when the mass of the heavy impurity fermion happens to be equal 



to the mass of the fermion composing the Fermi surface, Mp = m, we obtain from Eq. (24) 



lim lim ( —iA4p^ 



F 



nonrel 



(26) 
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XI— ^4 I 1 
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-Uph 
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1 + - - log — I h i log — I — 

2y2^A V 2/2^ A 



Un,a' - 



1 + 



-U 



q,a 



Gr' 



(Af)a'a ■ (Af)^'! 



kpA 



XI- 



47r2 



4\ / A\ 1 2 + A / 2\ / A\ 1 2-A 



2/2 



A 



^5, a' 2 ^Q^'^ 



X U p^h' 



1 + 



-Up.b. 



We confirm that there is no singular term for Mp = m. 



2. Relativistic fermions 

We consider that the fermions composing the Fermi surface are relativistic. Supposing 
the massless fermions, we replace the nonrelativistic spinor to the relativistic spinor Uq = 
^J~Eq{x^a ■ qxY with = \q \ and q = q/\q\. We use the expansion parameter kp/Mp in 
the limit of the large mass of the heavy impurity fermion. The resulting form of the second 
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oder scattering amplitude is 



lim lim (—iAir 



(27) 



+ (-2- 



1-4 - ^) + nA^ - 2nlog — + 2rilogA + 2n(l - log 2)1 7° - ■ 7 



q,a 



XUpb> 



1 + 



We again obtain the factor logMp. Therefore, the perturbation breaks down in the heavy 



mass limit. The critical mass of Mp is given in Eq. (18) with a replacement from Gb to Gp 
and from Mb to Mp. 



IV. DISCUSSION 



We have shown that the perturbation breaks down for any small coupling constant due 
to the logarithmic enhancement in the limit of large mass of the heavy impurity particles 
for both boson and fermion. We have obtained those results for the case that the scattering 
fermion is in the ground state, namely \q\ = kp {1] = 0), at zero temperature. For the case 
that the scattering fermion is in the excited state with \q\ > k-p {1] > 0), the result is modified 
in a qualitative manner. In this case, there is no logarithmic term of the mass of the heavy 
impurity particles. In the limit of small 77 (77 — )■ 0), instead, it gives a new logarithmic term, 
log?7, as shown explicitly in Appendix |Bj Therefore, due to the logarithmic enhancement by 
the energy of the scattering fermions, the system becomes a strongly interacting one. Indeed, 
this is the Kondo problem as mentioned in the introduction |l6l HT] . In both approaches 
in the different two limits, the reason for the presence of logarithmic terms will be found in 
the dynamics of the particles and the holes in the loop contribution. However, we do not 
pursue the problem in the present discussion, because we must go beyond the one-loop level 
for more detailed analysis. Instead, we shortly discuss the possible phenomena in nuclear 
and quark matter including charm and bottom flavor. 

Let us consider the D and B mesons embedded in nuclear matter at zero temperature. 
When we apply the heavy mass limit to this system, we are inevitably faced with the 
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strong coupling problem as we have shown in section [IT} We remember that the second 



order scattering amplitude Eq. (14), namely the second order vertex, has a logarithmic 
enhancement by Mb in the limit of large Mb- The logarithmic behavior appears only in 
the term with the isospin factor Af ■ Ab, and does not in the term without the isospin 
factor. Therefore, we expect that the isospin-dependent interaction is much enhanced than 
the isospin-independent one. The strong isospin dependence may cause some change of the 
structure of nuclear matter, because the properties of nuclear matter is much sensitive to 
the isospin symmetry. We note that, however, the mass modifications of D and B mesons in 
nuclear medium are not suffered regardless to the logarithmic enhancement in the scattering 
amplitude. This is seen by the fact that, when the fermion outer lines are closed in Fig. |2| 
the contribution from the term proportional to the factor Af • Ab becomes zero. 

As explained in the introduction, there have been discussions about charmed (bottom) 
nuclei where charm (bottom) hadrons, such Ac and (Ab and Sb) baryons, D and D [B 
and B) mesons, are bound in atomic nuclei. We have to note that the current formalism is 
not applied, unless the impurity particle belongs to the fundamental representation of SU(n) 
symmetry {n > 2). For example, Ac (Ab) baryon is an isospin singlet state and Sc (Sb) 
baryon is an isospin triplet state, and hence they cannot be applied. As candidates, we may 
consider D (B) meson in nuclear matter, because it is an isospin doublet state. However, 
it is actually unstable in nuclear matter, because it can decay through the transitions by 
two-body processes DN — )• vrSj;*) {BN vrS|,*^) as well as three-body absorption processes 
DNN AWA^, SWA^ {BNN A^C'^N, s[,*^A^) which are opened below the thresholds. 
We will need to extend the formalism to include such complex processes. In contrast, D and 
B mesons in nuclear matter have no open channel below the thresholds, because there is no 
annihilation channel for light quark and antiquark pairs. As a result, we conclude that D 
and B mesons are unique hadrons for which the present discussion can be applied. 

Similar discussion will be applied to the charm and bottom quarks in quark matter at 



zero temperature as presented in section [ITTj We remind us that, in general, the coupling in 
the interaction between quarks becomes smaller at high density limit, due to the asymptotic 
freedom of QCD. According to the present discussion, however, charm and bottom quarks 
can interact strongly with the light quarks composing the Fermi surface, because there is 
a logarithmic enhancement by charm (bottom) quark mass in the second order scattering 
amplitude. Hence we will need to consider the strong coupling problem for the quark matter 
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including charm and bottom flavor as far as the heavy quark mass hmit is adopted. 

In both cases of D and B mesons in nuclear matter and charm and bottom quarks in quark 
matter, we flnd that the scattering amplitudes have a common property; the logarithmic 
enhancement by the mass of the heavy impurity particle. It will be an interesting future 
problem to study the strong coupling effect by logarithmic enhancement in the dynamics of 
nuclear matter and quark matter with charm and bottom flavor. 

V. SUMMARY 

We discuss the dynamics of the heavy impurity particle (hadron or quark) embedded in 
flnite density medium at zero temperature. We suppose that the fermions composing the 
Fermi surface and the heavy impurity particle belong to the fundamental representation of 
SU(n) symmetry (n > 2), and that they interact through the vector current interaction 
with a small coupling constant. As systems, we consider a D (B) meson in nuclear matter 
with isospin symmetry {n = 2), and a charm (bottom) quark in quark matter with color 
symmetry (n = 3). We calculate the scattering amplitude for the fermion and the embedded 
heavy impurity particle. We analyze the large mass limit of the heavy impurity particle, 
and flnd that the second order scattering amplitude at one-loop level contains a logarithmic 
term of the mass of the heavy impurity particle. Due to the logarithmic enhancement in 
the heavy mass limit, the perturbation breaks down for any small coupling constant and the 
system becomes a strongly interacting one. 

When the present result is applied to D (B) meson in nuclear matter and charm (bottom) 
quark in quark matter, we expect that they are strongly interacting systems as far as the 
heavy mass limit is concerned. To study more details, for example, we will need to consider 
more realistic interaction such as the long range pion exchange potential for D (B) meson 
and the gluon exchange for charm (bottom) quark. It will be interesting to study such 
problems for future experiments in high energy accelerator facilities with high momentum 
hadron beam in such as J-PARC, GSI-FAIR [51] as well as in relativistic heavy ion collisions 
in RHIC and LHC [S21 E3] and so on. 
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Appendix A: A calculation for momentum integrals 



We give a useful equation to derive Eq. (14) from Eq. (12). The three-dimensional k 



integrals in Eq. (12) is reduced to two dimensional integrals with the radial component 



k = \k\ and the angular component t = q- k/\q\\k \. When we expand up to the order of 
m/M for small m/M <^ 1 (at least m/M < 1/2 is assumed) and neglect the terms with 
higher order O ((m/M)^), we obtain 



In 



d^k 



2^^^ 2mI^ A;|2 + ze 



nl pA 

47r2 J -I Jkp 



high 



dA; k'^ 
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4^ 
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(Ahigh - A;f) + I ( 1 



m 
M 



(2t - 1) lo, 



A 



high 



g(l - (1 -t)m/M) 



g(l - (1 -t)m/M) - kp 
Ahigh + g (1 - (l + t)m/M)" 



~2 V ~M^^^^ fcp + g (1 - (1 + t)m/M) 



1 2m I I\ dq (l + ^(2t - 1 
4vr2l + m/M| j^i^dt|(l + ^(2t-l) 
O Um/Mf 



for g(l - 2m/M) > k^ 
for g(l - 2m/M) < k^ 



(Al) 



for \k\ > kp with higher cutoff parameter Ahigh > kp, and 
d^k 1 



m<k, (2vr)3^g2_ 1 ^2+ 1 |^-._^ 



2m 

_/__di{ ike— 



IE 



1 
47^2 
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2m 
m/M 



\„k^^^M^^k''-2qk^)-ie 



2m 
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X/ dt /CF - Alow + ^ 1 - — 2t - 1 log / / / 

-1 [ 2V M / g (1 + (1 - t)m/M) - Alow 

fi + ^(2t + 1)^ w fcF+g(i + a+^WM) 

2 V V ^ Alow + g (1 + (1 + t)m/M) 

+C ({m/Mf 

for I A; I > /ef with lower cutoff parameter Aiow < k-p. Here we define q = \q \ and 

I fM \ q 1 /M \ kp 
^^--2U-Vi + 2U + Vf- 



(A2) 



(A3) 



Appendix B: The Kondo problem revisited 

For the heavy impurity boson, in the text, we consider that the scattering fermion is in 
the ground state with the condition |g | = k-p (jj = 0). Let us discuss the case that the 
fermion is not the ground state but is in the excited state which energy lies above the Fermi 

— * ('2) 

surface; |g| > kp [t] > 0). We expand the second order scattering amplitude —iAi^ in 



Eq. (12) by large Mb with keeping rj fixed, and take the limit for small rj. For nonrelativistic 



fermions, leaving only the leading terms, we obtain 



lim lim 



nonrel 

1 \ 1 2mkp 



(Bl) 



xi4 1 



n'^J 2Mb 47r2 
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1 + 



U 
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n 
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q,a' 



-u, 
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Instead of the factor log Mb, there exists the new factor log?7 in the term proportional 
to (Af)a'a ■ (AB)b'6- This is a singular term because it prevents a smooth connection from 
1] > to 7] = 0. Thus, we find again that the perturbation is not applicable for the small 
coupling constant Gb due to the presence of log rj, so that the system becomes a strongly 
interacting one. This is in fact the original Kondo problem that the electrons are affected 
by (pseudo)spin of an impurity atom with infinite mass HZj- 

As for relativistic fermions, when we consider the excited fermions with \q\ > kp {rj > 0), 
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the second order contribution is given by 



lim lim (—iM.^^) 
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with the relativistic spinor Uq. Wc obtain the factor logTy again. This is the relativistic 
version of the Kondo problem for the massless fermions. 

For the heavy impurity fermion, we discuss in a similar way. For the nonrelativistic 
fermion, we obtain the result 
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There exists the factor log 77 in the terms proportional to {\i)a'a ■ (^f)6'6, which gives a 
logarithmic divergence in the limit of 77 ^ 0. This is again the Kondo problem for the heavy 
impurity fermion as mentioned in the case of the heavy impurity boson. 

When the scattering fermion is relativistic, we set m = for massless fermions and obtain 
the result 



(2)\ 
/rel 
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-4 n 



n 



^ + nA^ — 2n log r] + 2n log A + ivr 



1 + 



where we find log as a logarithmically divergent term. This is again the relativistic version 
of the Kondo problem for the massless scattering fermion. 
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